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ON THE STARILITY OF THE EQUILIBRIUM POSITION IN CRITICAL
AND NEAR-CRITICAL CASES

L.G. KHAZIN and E.E. SHNOL'

Autonomous systems of ordinary differential equations are examined. The stability
of the equilibrium position is studied in nearly degenerate (critical) cases.
Estimates are given for the magnitude of the small attracting domain under stability
in the critical case and for the magnitude of the "dangerous" perturbations under
instability. Standard theorems are formulated and examples given of the proof of
appropriate theorems. A list is given of all critical cases of degeneration degree
no higher than three and of the corresponding stability criteria.

1. Critical cases and their degeneration degree. We consider areal systemwith

smooth right-hand sides
du/dt = f(u), f@u® =20 (1.1)

u = (u'lv oty un)v f= (fla A ‘vfn)

Let (df/du),_ o =T be a linearization matrix and &, be its eigenvalues. In the equilibrium
position stability problem we distinguish the common case, when the question is resolved in
the linear approximation, and the critical cases, inwhich the answer depends upon the nonlinear
terms. We characterize a critical case by a collection of v equality conditions imposed on
the right-hand sides of system (l.1). The conditions can be imposed not only on I' but also
on the higher derivatives of f (allowing for only the conditions affecting the stability).
The number v is called the degeneration degree or the codimension of the problem being exam-
ined. As ¢ increases the difficulty of the investigation increases, in general, and the
problem can even be unsolvable (in the sense indicated in /1—3/). In a general stability
problem it is natural, it seems, to have a complete investigation of all critical cases of up
to some degeneration degree v = ¥vp,,. However, among cases with v >> v .. it is appropriate to
examine those stemming from applied problems or those of particular mathematical interest. If
we take such a stand, then we have to restrict ourselves to vy, = 3 since at present we can-
not set up even a complete list of critical cases with v = 4. Below, the statement "the
system is stable" signifies the asymptotic stability of the equilibrium position u®, “insta-
bility" signifies the absence of Liapunov-stability, n, is the number of X, equal to zero, and
n, is the number of pairs of purely imaginary eigenvalues of I's Re'lj < 0 for the remaining A;,

Example. 1In system (1.1) let my=2,n,=0, and let there be no additional degeneration
(¥=2). Then the Jordan normal form of ' contains a cell. Stability criterion: instability
obtains when @¢+#0. Here @ is some combination of quadratic coefficients. Both stability and
instability are possible when a=0(v=3). The stability criterion consists of inequalities
on the Taylor coefficients of / up to fourth degree, inclusive. Equating the left-hand side
of one of these inequalities to zero, we obtain a problem with v =4, not analyzed until now.

2. Statements of the standard theorems. We reduce system (1.1) to a normal form
of up to some order m (see /4,5/) and we discard the higher-order terms. We obtain

V=h(), w=2¢@ w
Here the variables ¥ correspond to critical A; (ReA; = 0), w to the rest. The polynomial system
(M);v' = h () which splits off is termed model; its real dimension equals Ry + 2n,. The investi-
gation of the critical case consists in proving the following theorems.

Theorem M (stability criterion for the model system). For the asymptotic stab-
ility of system (M)it is sufficient to fulfil conditions M, of the form D2)<O,. ..,
®y(a) < 0. Here a are the coefficients of system (M). If @;(a) s 0 for all j and @, {a) > 0 for
even one j, then the equilibrium position p = (0 is unstable. 1In this case we speal of strict
instability.
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Theorem S. If conditions M. are fulfilled, system (l.1) is stable.

Theorem NS. 1If system (M)is strictly unstable, system (1.1) is unstablec.

The correctness of the choice of the model system (of the number m) can be established
only by Theorems § and NS. Sometimes certain terms of degree no higher than M donot affect
the stability and are not included in the model system. Let us now consider systems that dif-
fer slightly from (l.1) in the sense C(,:

g, )
e [ (2.1

du/dt = f©-(u), [(f® ~fih<e, lgh= S_A:maxm I+ AZ“"‘"‘
oy

Theorem S;. Let conditions M, be fulfilled for system (1.1). Then, for all systems
(2.1) with e g : 1) a neighborhood G, of point u(® exists such that every trajectory start-
ing in G, remains in G, for 0 <{t<Coo; 2) all trajectories starting in &, go into a small
neighborhood G, of point u!® as t-» oo . The diameter d(G,.) < Cex.

Theorem NS, For system (l.1) let the model system be strictly unstable. Then when
e < go there exists a solution u,(f) for each of the systems (2.1), for which ju, (0)] = 6 (¢),
sUprse | Ue (1) | > a. Here 6 ()  Cex-, but does not depend on e.

The indices %, and x_ for all cases with v < 3 are given in Sect.5.

o P . N .
Notes. 1°. 1In a number of critical cases (usually when n,#0) instability is the norm.
Theorem ¥ then has the form: "if ®(s)=#0, instability obtains” (see example in Sect.l). In
these cases Theorem § and §, are absent.

2°. In Theorems S, the regular estimate of the diameter d(G,) of the attracting domain is
a principal one. The proofs use Liapunov functions constructed in accordance with Theorems S.
In Theorems NS, a regular estimate of 8§ (¢} is most essential. The proof of the fact that
() --0 as £—0 for system (2.1) if system (l.1l) is unstable is elementary (see /6/).

30. The perturbation (¢ _ may depend on ¢ or may be a random function. If only the

quantity , .
NS — o= %,max{ (-1l

is small, then Theorems §, and NS, remain in force, but the indices %, and %.may be decreased
(see Sect.6).

40. If matrix r is diagonalizable and system (M) contains only mth~degree terms in ad-
dition to the linear ones, then an explicit use of conditions M, is not required. Then
Theorems § and §, start thus: "if system (#) is asymptotically stable, then..." (see Sect.6).

50. For parameter-dependent systems Theorems S, and NS, are connected with the concepts of
soft and hard loss of stability /7/, of dangerous and safe boundaries of the stability domain
in parameter space (see /6.8/} (*).

3. List of critical cases withv 3. Inorder toenumerate all the critical cases with
v =3 it is necessary to write out the stability criteria in all cases with v = 2 and to
replace by turns one of the inegualities obtained by an equality. Therefore, here we derive
the model systems and the stability criteria for v = 1,2 (see Sect.4 for the criteria for
v = 3). Below z, are real variables, z, = }/p,¢'® are complex variables, the sign ¢e» denotes
the complex conjugate, a, b, a, §,y are real numbers, and 4, B are complex numbers. The papers
in which it seems that the criteria derived were first obtained are mentioned in the references.

We now present the list of critical cases with v 3.

Cases 1l—=3: npo =1, n, =0 /9/.

1) (M):zr' = az®. Instability when az0(v =1).

2) Additional degeneration: g =0, v = 2. (M) :x = bx%. Stability when b<< 0, instability
when b > 0,

*) E.E. Shnol' and L.G. Khazin, On the stability of stationary solutions of general systems of
differential equations in near-critical cases. M: Akad. Nauk SSSR Inst. Prikl. Mat. Preprint
No.91, 1979; L.G. Khazin and E.E. Shnol', On soft and hard loss of stability of steady-state
solutions of differential equations. M.: Akad. Nauk SSSR Inst. Prikl. Mat. Preprint No.128,
1879.
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3) Repeated additional degeneration: ae¢=b=40, v =3

Cases 4—6: ng =0, ny = 1 /9/

4) v=1; (M):7 = iez + A,zp. Stability when &, <{0, instability when & > 0, a;, = Re 4,.

5) Additional degeneration: g, =0,v= 2;(M)z = iwz +z (4,pt+ Ap%. Stability when a, << 0,
instability when @; >0, a, = Re 4,.

6) Repeated additional degeneration: a; = a, = 0.

Cases 7—8:np =2, n, =0 /10/.

7) v =2; (M):z, =2z, 2" = ax,?, Instability when a0

8) Additional degeneration: a ==0, v = 3.

Note 6°. The case when two eigenvectors of I are associated with a multiple A =0
corresponds to v =4 and, therefore, is absent in this list.
Cases 9—10: ng= N2 = 1.

9) v=2; (M):z = iwz, z = az?. Instability when a0 /9/.

10) Additional degeneration: a=0,v = 3 {*).

1) ny=3,nr,=0,v=3 /11/.

With two pairs of purely imaginary A (ry = 0, n, = 2) we have one case of "general position”
(v =2) and five with additional degeneration: (v=23). In three of them an additional con-
dition (the resonance relation) is imposed on the linear terms, while in the other two, on
the nonlinear {(quadratic and cubic) ones. Let

Mo = i, A= i o0y >e >0, @y 7= 205, 0y %= 3wy
12) w==2;(M): 2, = iogzx + 2x (Apipr+ Ayeps), k= 1,2 /11/.
M, 101 <0, 222<{0; when a12>0 and ay >0A =ayan —agpas >>0; aj==Re Ay

13) Additional degeneration: @) =0, v =3 /6/.

14) Additional degeneration: A ==0,v =3 when a;, >0 and a, > 0. Two pairs of purely
imaginary A and internal resonance: cases 15— 17.

15) Resonance 1:1{w, = a,); v =3 (**)

16) Resonance {:2{®, = 2a}; v =3 /12,13/.

17) Resonance 1:3 (w; = 3o,);v=3 /3/.

Remaining cases:

18) rg=1,n, =2, v

19) npg=2,n,=14, v

20) ny=10,n,=3, v

4. Stability criteria for cases of codimension 3,
3) (M):z2 = cx*. Instability when ¢3=0.
6) (M):2 = iwz+ 2z (Ap+ 4p* + A4, Red, = Re 4, = 0. Stability when Red, <0 and
instability when Re 4; > 0.
8) (M):2' = y+ dpx* + day + dyz9; y = az® + bry + et -+ b’y + cy®. Conditions M, are
three inequalities P« Q, Q* << 8P%, g< 0. Here
P=a—ded; Q=0+ 2dy, g = {c+ 3ayfa — 2d) Q +5Q;; Q) = by — 2dyc — dod + 3d,.
The third and fourth degree terms not written out are unessential for stability ({**¥).
10) (My: 2= b ]z{% 4 ba¥ 2" = fwz -+ Azz. Conditions M, have the form: ab<<0, b, << 0;2 =
Re 4.
1) (M) iz =25, 2y = Za zy = ar,’. Instability when g = 0.
13) (M): pr = pr{anps + Vo) P2 =02 (@u1p1 + Gnape)s i =y (0, @)
Here 4@y, <0, q,, and ay are not simultaneously positive. Condition M, el <o

S .
La) oy [P P1(— p1 + apa) -+ pu 2( :);k P3Pk
P2’ == 1pa (p1 — aps) + pa D afFpi00 P = Ay (@, p)

*) L.G. Khazin, On the stability of the equilibrium position in some critical cases. M.:

Akad. Nauk SSSR Inst. Prikl.Mat.Preprint Neo.lO, 1979.

**) L.G. Khazin, On resonance instability of the equilibrium position under multiple frequen-
cies. M.: Akad. Nauk SSSR Inst. Prikl. Mat. Preprint No.97, 1975.

***) For a discussion of this criterion and its simple derivation see: L.G. Khazin, M.:Akad.
Nauk SSSR Inst. Prikl. HMat. Preprint No.9, 1980.
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Here @ > 0,1 > 0. condition M, : K «< (. Here
K =a*(lai) + aid) + a(lafy + aff) + 1o’ + oy
15) (M) :2y = iwz + 25,2, = iwzy + Bz, |z, |2 Instability when Im B 3= 0.
16) (M) : 2" = iwz; + By2,*24 2°y = 2iwz, + Byz,® Instability when B, = 0, B, = 0, Byl B* £y < 0.
17) The stability criterion cannot be specified by explicit formulas.
18) (M): z' = azt; 2;” = iwy, k = 1, 2. Instability when a =« 0.
19) (M) 2z, =z, z, =az,% 2 = iwz.
20) Let A .= - iw,, Az4=- iw,; Age=- iwy and let lower-order resonances be absent: ;5
p, 05 7= 20k, ©; F 3oy, 0; #£ @ + v ©; % 20 + 0.

(M): p =px Dapsi kj=1,2.3

The equations for ¢x are not written out. A solution of form px (f) = e (), F =12, ¢, > 0 (not
all ¢ = 0) is called a growing invariant ray of system (M). Condition M,: there are no
growing invariant rays among the solutions of system (M). The verification of M, leads toa
consideration of seven linear systems Ap =e¢ with p, > 0. Here 4 =|/a,] and as e we take
the vectors{1,1,1),...,(0,0,1). If even one of these systems has a solution, then system (M) is
unstable.

5. Indices in systems §, and NS§,. Table 1 shows the indices x, and x_ figuring in
Theorems S, and NS,. The majority of the indices presented are unimprovable. If the indices
can be increased, then the hypothetical unimproved value has been shown within parentheses.
We observe that if the requirement u® & G, is waived, then the indices %, can be increased
in certain cases where there are zero ). A dash in the x, column signifies that stability
is impossible in the case given. 1In cases 8 and 10 the indices x_ depend upon which of the
conditions are violated.

Table 1
hi Ky X N e ®o
1 - Y, 11 - 8/¢
2 1/: 1/‘3 12 1y l/;

3 - s 13 e e
4 i, Y, 14 lis Yy (M)
5 v, b, 15 - 1
[ 1/5 1y 16 _ 1
7 - My 17 Y Y,
8 A LIPS A 18 : Y,
9 ~ Y. 19 — Yy (M)
10 s Y Vs () 20 Y, '

6. Example of the proof of Theorem 8, (case 20). Let system (1.1) satisfy the
conditions of case 20 (Sect.3). By smooth transformation (invertible in a neighborhood of
u®) we normalize (1.1) up to third-order terms, inclusive. We obtain

2y == gy 4 pE (2) + i s = A, gl @) + ¢ (2, w) 4 1o 6.1

Here z; are complex variables (k= 1,2, 3), w;, are complex or real variables. If there are multi-
ple };, then we can also take linear summands in the equations for w . The upper index gives
the degree of the homogeneous polynomial; polynomials q‘,’) are linear 1in the variable ¢
[r o w) | 7oy 2o W) | CC (120 + {w |4 for the vectors we have

=S ln Jwpr=DRlw, 0.
v 7

In a real notation system (6.1) takes the form
r =TIz + P9 () + A™®
v =Tw+ Q¥ @) + Q¥ (z.y) + RW 6-2)
108 | Clz Py, |R®(z,p) |
RV @, ) 1< CUz 1+ 1y 1Y
dimz =6, dimy—»n-—6
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In the real notation the system
7= Tz+ P9 () (6.3)
corresponds to the model system (M). Let us consider an arbitrary system of form (6.3},
being the real notation for a normalized system. Let I be diagonalizable and all Re A (Ty) = 0.
Lemma 1 /14/. Let z=®@,(t, &) be a general solution of system (6.3) and = @, (t, &)

be a general solution of the homogeneous system z' = PO () (O, x 0, §) =¢&). Then @t 8) =
exp (IT))®, {f, §); in particular, | @, (t.E)| = [ @, (2, E)).

Lemma 2. Let the homogeneous system
Z=h(z), h)=a"kz), m>1 (Va0 (6.4)

be given. If it is asymptotically stable, then a homogeneous Liapunov function exists for
which

LS —vylz™, L(az) = oL (2) (y>0) (6.5)

Corollary. aAn >0 exists such that when |8k (z}| <& |z[™ the system z = k() +8h(z) is
asymptotically stable simultaneously with system (6.4).

Note 70. Lemma 2 is a corollary of Theorem 22.1 in /15/ (the appropriate references
are presented therein).

Corollary. From Lemmas 1 and 2 it follows that if system (6.3} is stable, it admitsof
a homogeneous Liapunov function Iz} with an estimation {6.5).

Lemma 3 (Theorem §). If system (6.3) is stable, so is system (6.2}.

Proof. Let L,(y) be a quadratic Liapunov function for the systemy = Iw+ Q” () , with the
estimation Ly < — v l¢[® On the strength of the homogeneity, |aLjoz|< Cilz}|, |oLlydyl<Cylyl.
We set Lw=Lizy =L@ +L @

U= Uy Un) = (The e Tas Fir - e s Yl
L t(g‘gzg _?113[‘+Cslzii‘“f‘_?zt.‘l ER Gyl (lzPlyl+

< — ¢ - C 8 [t

By virtue of (6.2} fu << Talulb -+ Colult v>

L —ylult, (u]<Co y2>0) (6.86)

Theorem 1 (Theorem S for case 20). If system (6.3) is stable, then... (thiscontinues
in accord with the standard formulation in Sect.2), and the index %, = Y,

Proof. By U we denote the domain of action of inequality (6.6), by U(s the domain
0<L<e and by §{a), the boundary of U({a). Since L {au) = oL (u),

Kyt | u | < Kga"? (6.7)

when s S$(e). Let U U when a<g . We set G ==U(a). Whene=10, ['< n<0 on §(a). There~-
fore, when e« e, because of the perturbed system (2.1),L <w/2on S(a), i:e., the trajector-
ies of any one of systems (2.1} goes into domain 6;. The derivative of L relative to system
(2.1} is

3 aL
L =Z ﬁuk (fk+/§r”—fk)<“1’|‘4|‘+Clelu| (6.8)

The right-hand side of (6.8) is negative when |u|>(p's, i.e., by reason of (2.1) (s "mono-

tonically" (in the sense of decrease of L) approaches u=0 up to a distance ~¢*, We remark
that in (6.8) we made use only of the smallness of {f— /%] Let |f® —ff<é When e<g¢, .

by the implicit function theorem there exists, in a neighborhood of « =0, a unigue solution
u® of the system f®(u=20; in this connection, [«¥] <Cc. We denote & (u) = /® () — f (u — u®).
Then

87 (u) Gf (u — u®))

duy T du

’ 8(9p)
Buk

B () or(u)
<| ﬁuk - Buk

k

The first summand < e by (2.1) and the second < C,e because f is smooth. Since 8 w®y =g,
we have

JOf () | < Cor {u — u® (6.9)
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We fix some function f%; let L®(u): L (4. -u(®). The derivative of L™ relative to .2.i;
has the form
dLw®) AL gy dl e al,
= - ol _.outehy e o f{u — u® :
rraiaiar et N G ol G N U O R AU S CRR L VR B o) PR LN W (6. 10y

Here the first summand has been estimated on the strength of (6.9) and the second, of (6.6).
The right-hand side of (6.10) is less than —ju—u® s y2 when|u— u®|> Cert. We set G, = {u. L () -

g€}, q = (Co/ K2 A neighborhood of G, is obtained from U (ge) by a shift by an amount < (¥
and is invariant for the system (2.1) selected. When ¢ <¢ the domain U {2¢e) contains any of
the domains G,; we set G, = U(2¢). Then the diameter d(G,,) T Ky(2¢e)" = €' (see (6.7) for &,
and K,).

o
Notes. 87 . In the proof of Theorem 1 we have used only: a) the asymptotic stability of

the model system; b) the absence of quadratic terms in (6.3). Therefore, the thecremproved
is valid for any =»,>1 in the absence of resonances of the two lowest orders (w; ¥ uwi, 0,4 2wy,
wj; F oy 4+ w).

(o]

9”. If we assume the smallness of only |7® ..;j|, then for any n,>1 the unimprovable
index %, is 1/3. Let us clarify this by the example of =, - {. Let a system of two equations
in the complex notation be

w4 R (peT Nz —pslp  |z|Y (6.11)
Here h{(p) =1 when p< 1; 0<h(p) <t when 1< p< 2 h(p)=0 when p + 2. Among the solutions of (&.11)
there is the stable limit cycle |z|— ¢ and Gy, = {z. || <c¢'?) Then |7 —fFO | e if —fO) ~ €™

7. Example of the proof of Theorem NS, (case 16). The proof scheme suggested
below is typical. The model system's instability can be proved by constructing a4 solution
whose trajectory [ tends to the equilibrium position as { —- — oo. We construct a canenic neigh-
borhood (I} with the following properties: a) the solutions of the complete system grow
monotonically in some metric inside ; b) the trajectories only enter  through its lateral
boundary () (compare with /16,17/). When ¢ = (0 properties a) and b) are preserved 1in a
neighborhood of u® of the size of the order of #*-, which yields Theorem NS¢. In certain
cases we have managed to construct polynomial Chetaev functions in a complete neighborhood of
u® (or in the greater part of it); this permits us to construct the proof and to obtain un-
improvable indices x_ is cases 7 and 15 and some others. This scheme is not discussed here.

Let system (1.1} satisfy the conditions of case 16. Let dimension n» .4 (i.e., thesmal-
lest value possible for this case). Lemmas 4 and 5 repeat the results of /12,13/ in a form
in which they are to be used in what follows. We normalize system (1.1) up to second-order
terms, inclusive. In complex form we obtain

5w+ Btz b O 2Pz - 2Ziwzg, ~ Byt 0 (12 ) (7.1)
The model system is
7y iwy + Bi2y'z. 20 = 2wz, 4 Bzt (7.
We set

T Vp—k"”w~ By~ bx"_iﬁl. 8y = bs‘iB'- = ¢~ 2 k= 1,2

From {(7.2) we obtain
P 2yt cos (b — By) (7.3
[ Zb,p,p,"'cos (b - B
¢ "‘2’7191‘/’ sin (¢ — By) - b,p,p,"“sin (p ~ B
Lemma 4. Let b, =0, by >0, B == B, — By 3 n. Then the equilibrium position (0. 0) of
system (7.2) is unstable.
Proof. pr=r () p,=4kr (), r = 26,k cos W, $ = o = const is a growing solution of system (7.3)
if when B4 0 we set

[/
b i (84 cos?fi) 7 - cos B KRRV
L . b.h -~ by cos B -~
2Py Y €08 Yy >

When B --0; k- b6, 1§, =0,
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Lemma 5. (Theorem NS ). Let 5, >0,5,>0,B 7% n. Then the equilibrium position of
system (7.1) is unstable.

Proof. We set p,=FRcos8, p;= Rsin@, dr = R4, From (7.1) we obtain

R = RO (8,%) + 0 (R (" = djdv) (7.5)
T = cos 8 (sin 6)"/* [5, cos 0 cos (P — By) + b, sin 6 cos (P — By)]
8 =g B + O R, ¢ = g 6,9) + 0 (RVY (7.6)

& = ©0s 8 (sin 6)'/* [—b, sin @ cos (Y — PBy) -+ by cos B cos (¢ — Pyl

g2 = {sin 8)7/[2b, sin @ sin (Y ~ By) + b, cos 8 sin (P — By)]
To a growing solution of the model system corresponds a fixed point P (8, ¢ of the angular
system

6 =g @99 =506 (7.7}

In this connection, ctg8, =k, I (8 §o) = I, > 0. Linearizing system (7.7) in p, we obtain the
matrix

A d(g, &) kb n—acos%—sm %B
EICR 2l 3sin o — 2003 P,
Since cos¢, >0, both the eigenvalues of matrix A lie in the left halfplane. Let [(8,y) be
a quadratic Liapunov function such that relative to (7.7) the derivative I'K—y in a neigh-
borhood U, (P). Let a neighborhood U, (P) ¢ U, be such that on the strength of (7.5) we have
R >, I,LR when (6,%) e U, R<R;. Let [,>0 be such that the line [ (8, ¥) = lslies wholly inU,.
Finally, let R, < R; be such that on the strength of (7.6) we have ' <{--1y, <0 when I({8,%) =1,
and A< R,. Every solution of systems (7.5) and (7.6) (and, by the same token, of system
(7.1)) foxr which 1(8(0).,% (0)) <!y, R(0) =6 < R, when t=0 grows monotonically (R >0) up to the
fulfillment of the equality & = R, The lemma has been proved. Now, together with the
system gz = F (z) of (7.1}, we consider the auxiliary system z° = F® (z), z = (3;, z,) or {(in the
real notation) the system {2.1}.

Theorem 2 ({Theorem NS, for case 16). The theorem's statement is the standard one
(see Sect.2), the index x_ = 1.

Proof. From the implicit function theorem it follows that system F®(;)=¢ has when
e < e a unique solution ¥ close to :=0: F® () =0, 1] < ¢e. In this connection (see Sect.
6) FO ) =F( — % +6F |6FI< Celz— | We introduce the variable v=1:—:® i.e.n =3z —5®,
vy =z — 2, ). We set

O =Vope ¥ $--9:—20, p=Roos®, ps=R sin8, dt = R"dr (7.8)

From the system z = E®(;) we obtain

R' = RIL(0,¥) + O (R + ATL (R, 6, ¥), | AIl | < CR"e (7.9)
8 =g @)+ 0 (VR + Ag
=609+ O (VR + Ag [Ag| < CeR™:

Let 18, 9) <!, R<R, (see Lemma 5). Then, by virtue of (7.3}, R >1,lI,R — CR"% , which exceed
Y Jl,B when R > (y? Let 1(0,9)=1,. Then when R< R, , by virtue of (7.9) we have I'S—y +
CeeR™*, which is less than —1/2 when R 2> Ceed.  If R (0)> Coe* (Co = max (Cy, Cy)) 1 (8 (0), % (0)) < I, , then
R (1) grows monotonically until R =R, is achieved. We note that Y,|v[< R < |[v[. Thus, there
exist v(x) for which|v»{©)|<Ce and SUPye [ 9 (1) | > Ry%. FOor z=p+43® we obtain [z(0)|< e and
Supysg iz (82 2 = R
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